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Towards a description of molecular excited states:
Analytical derivations for Orthogonally Constrained CASSCH]

Loris Delafossd]
Laboratoire de Chimie Quantique de Strasbourg, Institute of Chemistry - UMR 7177,
CNRS/University of Strasbourg, 4 rue Blaise Pascal, 67000 Strasbourg, France

Despite decades of research, obtaining the electronic structure of relatively large molecules remains
an open problem, as describing the correlation between the motions of many electrons is extremely
difficult. The most successful post-Hartree-Fock methods use some variational ansatz to tackle this
problem, often retrieving excellent approximations of the ground state energy and wavefunction.
Obtaining the excited states, which are necessary to photochemistry or molecular dynamics compu-
tations, is however out of the scope of such methods. In a previous work by YALOUZ and ROBERT (J.
Chem. Theory Comput. 19, 5, 2023), an orthogonality constraint was successfully introduced in the
variational problem to account for the excited states. The present paper develops this approach by
obtaining analytical expressions for the Gradients and Hessians needed to solve the variational prob-
lem. A theoretical lower bound on the Lagrange multipliers is then calculated, while considerations
on error control allow us to set them to a known and physically sensible value.

INTRODUCTION molecular dynamics. Assuming a known ground state

U0 YALOUz and ROBERT proposed to adapt the usual

It is well-known that finding analytical solutions to the
quantum eigenvalue problem of systems larger than the
non-relativistic hydrogenoid atom is impossible. For sys-
tems that remain small (molecules of a few light atoms),
it is possible to write and numerically diagonalize the ex-
act Hamiltonian (though in a chosen finite basis). This
brute-force method, known as Full Configuration Interac-
tion (FCI), becomes inoperable for molecules consisting
of tens of atoms, as the dimension of the Hilbert space
grows exponentially with the number of electrons.

Fortunately, for most chemical systems, only the
ground state is of interest, allowing us to make use of
a variational principle. Indeed, the system’s energy is
known to be a functional of the wavefunction

(V|2

B = ")

(1)

where H is the system’s Hamiltonian. Now, Ritz’ the-
orem states that the stationary wavefunctions (i.e. the
U for which the functional differential vanishes: 6 E = 0)
are exactly the energy eigenfunctions. Therefore, min-
imising F[¥] yields the ground state energy and wave-
function. This minimisation is often implemented by a
Self-Consistent Field (SCF) approach, which consists in
solving iteratively a set of equations resulting from the
minimisation condition [I]. More details regarding the
choice of manifold in which ¥ is allowed to vary, and the
numerical implementation in general, are given in Sec-
tion [Il

However, the knowledge of the ground state is not suffi-
cient for all applications, notably in photochemistry and
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variational method by minimising the energy under the
constraint of orthogonality with W9 [2 [3]. Then, ac-
cording to Ritz’ theorem, the variational method should
yield the first excited state. This method is described
in Section [[TA] Its numerical implementation requires
the calculation of the Gradients and Hessians of the cost
function, whose analytical derivations are given in Sec-

tion T8l

Section [[II] is devoted to a discussion of some mathe-
matical aspects of the proposed optimisation algorithm,
and most of all to the calculation of the Lagrange multi-
pliers associated with the orthogonality constraint. Is-
sues related to preventing error propagation from the
ground to the excited states are investigated.

NOMENCLATURE

Throughout this article, we will use a slight variant of
Ricei’s notation for (anti)symmetrising tensors:

A(pq) = Apg + Agp, (2a)
A[:Dq] = Apg — Agp- (2b)

Latin lower-case indices run over orbitals, or over ac-
tive configurations if they are underlined, and Latin
upper-case over energy eigenstates.

We also define the symmetric transpose operator T,
which is a rank-8 tensor acting on rank-4 tensors:

def 1
T @pars) = 5 (@pgrs + arepa)- (3)
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I. THE COMPLETE ACTIVE SPACE
SELF-CONSISTENT FIELD

A. Notion of configuration

The notion of configuration is of major importance in
quantum chemistry, as it produces an interpretation of
quantum states, and provides a guideline for many elec-
tronic structure methods.

We call orbital a one-electron spatial wavefunction. A
single orbital can be occupied by up to two electrons be-
cause of spin degeneracy. A configuration (a.k.a. a Slater
determinant, or a Fock state) is a quantum state of the
system in which each electron is assigned to a particu-
lar orbital. Of course, a general quantum state should
be a superposition of configurations. The inability of
electrons to belong to one precise configuration is called
electron correlation and accounts for the deviation from
the mean-field motion of the electrons.

B. Multi-configurational approaches

As mentioned before, Self-Consistent Field approaches
consist in minimising the energy functional of eq. ().
In practice, ¥ cannot span the full infinite-dimensional
Hilbert space during the optimisation process, so we
need to choose a manifold in which it will be allowed to
vary. Imposing ¥ to be a single configuration yields the
Hartree-Fock (HF) method [I]. However, a single con-
figuration means we do not take into account electron
correlation. We should allow ¥ to be a superposition
of configurations, an extension of HF known as Multi-
Configurational Self-Consistent Field (MCSCF) [].

However, as ¥ could contain an arbitrary number
of configurations, each weighted with a varying coeffi-
cient, this approach makes the variational manifold ex-
tremely large. An astute strategy to reduce the mani-
fold’s size consists in considering only the configurations
in which certain orbitals are necessarily doubly occupied
(the frozen orbitals), others are necessarily empty (the
virtual orbitals), and a few only can be freely occupied (or
not) by the electrons (the active orbitals). Such configu-
rations (consisting of frozen, active and virtual orbitals)
are called active configurations in the following.

This approach, known as Complete Active Space Self-
Consistent Field (CASSCF), amounts to considering
only the valence electrons, because the other ones oc-
cupy fixed orbitals of lower energy. Details on MCSCF
and CASSCF can be found in ref. [4].

Let us write the expression of the CAS variational
ansatz

[U(e,k)) = e " [te) - (4)

where ¢,k are the variational parameters, respectively
the configuration coefficients c¢; and the orbital coeffi-
cients k,, (upper-case Latin indices I,J run over ac-
tive configurations, while lower-case Latin indices p, ¢, r, s

run over orbitals). Configuration coefficients are con-
tained within |4, ), while orbital coefficients are contained
within the anti-Hermitian operator &, making e™* a uni-
tary operator. Setting all these parameters to zero gives
the reference state, which is the initial guess from which

we try to determine a better approximation of the exact

state. We write it |¥(0,0)) %ef |1). Equation (4] implies

the following expression of the energy:
E(§) = (Yele"He ™ ye) (5)

where H is the Hamiltonian, and &€ = (c, k) are the varia-
tional parameters. More details on the form of the ansatz
are given in Appendix [A]

The CASSCF method involves two simultaneous opti-
misation processes. On the one hand, it finds the configu-
ration coeflicients ¢ that weight each of the active config-
urations in |¢¢). On the other hand, it adjusts the orbital
coeflicients k that rotate the orbitals and thus change the
meaning of the configurations. Indeed, it is possible for
a quantum state to be composed of a superposition of,
e.g. ten configurations in an orbital basis B;, and of
only two configurations in another orbital basis Bs. In
this case, the CASSCF method may return good results
even if there are only two active configurations, because
the orbital optimisation will rotate the orbital basis from
By to Bs. From a quantum information perspective, si-
multaneously adjusting the configuration coefficients and
the shape of the orbitals in CASSCF methods provides a
way to condense quantum information into a physically
significant ansatz.

C. DMolecular integrals and reduced density
matrices

Before we present the numerical approach we will fol-
low to implement the CASSCF method, we need to in-
troduce a few mathematical objects which will allow us
to express all quantities of interest.

First of all, we define the one-electron ezcitation oper-
ator Epq, which is used to excite electrons from the g-th
orbital to the p-th orbital. Similarly, the two-electron
excitation operator é,4.s excites electrons from the g-th
to the p-th orbital, and from the s-th to the r-th orbital.
More details are given in Appendix [A]

A quantum state |1)) can now be characterised by the

one- and two-electron reduced density matrices (RDMs),
defined as

Toal = (WGl Epglth) = ¥, (6a)
Fﬁféﬁg = (Ylepgrs|V) = F;‘};ﬁi«- (6Db)

Any quantity involving two quantum states ’1/J0> and
”(/J1> can be described by the one- and two-electron tran-



sition reduced density matrices (TRDMSs), defined as

0
’qu 711) < ‘ pq ‘w0> (73,)
< |Eqp|1/’1> :"Y:f;’wlv
p0 0 ~
(W orlet) =T =T

(We assume all integrals to be real.)

Finally, a quantum chemical system is completely char-
acterised by the one- and two-electron molecular integrals
(hpq) pg @0d (gpgrs) s> Whose precise definition can be
found in ref. [4].

D. The Newton step algorithm

Minimising the energy function of eq. is a challenge
that can be addressed through various methods. One of
the most commonly used is the Newton step algorithm,
described in this subsection. It consists first of all in com-
puting the first- and second-order derivatives (Gradient
and Hessian) of the energy, with respect to the various
variational parameters, at the point & = 0. Derivatives
corresponding to different variational parameters must
be computed separately [4], that is:

e G¢ the configurational Gradient (G¥)

I el
I £=0

e G° the orbital Gradient (G,)

GE def oE
Okpq

: (9)

£=0

e H the configurational Hessian (H},) ; ;

HE def 82E

= aC[acJ £=0

e H° the orbital Hessian (HZ )

pars’ p,q,r,s

HE def 82E
pqrs

; (11)
£=0

OKpgOkirs

e H° = (H®) T the mixed Hessian (H;I,qu)

p,q,1

2
g def O°F
Hpql -

(12)

OpgOcr [e_g

To compute the orbital Gradient and Hessian, we take
the Taylor and Campbell expansions of the energy to the
second order in & [5]:

E(c,k) ~

E(c,k) = <1/JC

1
E(c,0) + kTG + §I€THOOF.‘,, (13a)
> . (13b)

Identifying each order leads to the following expressions
of the orbital Gradient and Hessian:

o = (9] B 1] ).
qm*T“’” (ol B [Biea 1 )

Furthermore, by differentiating eq. with respect to
¢, we find expressions for the configuration Gradient and
Hessians [4]:

i+ i, A1) + [, |7 0]

(14a)

(14b)

GE :2<¢ ﬁ—E(S:O)’I>, (15a)

HEy =21/ B(€ = 0)|J) — 1G5 - $97GF,
(15b)
HE, =2 <¢‘ [E[,,q], H} ’1> —2SYIGE . (150)

From there, more practical expressions can be obtained
as a function of the RDMs and of the molecular integrals.
For the sake of brevity, we do not discuss them here,
but the interested reader can refer to Appendix [B] These
expressions can be tidily stored in two matrices as follows:

E_ (G
G - (Go 9
E . HCC HCO
H - <HOC HOO) *

Finally, to minimize the energy, we differentiate the
second-order Taylor expansion with respect to & and set
the result to zero, which yields the updated value:

(16a)

(16b)

¢=—(H")"'GE. (17)

The procedure is iterated until it converges towards a
value Eapal. Then, E(&gnar) is the energy and |V (&gnal))
is the CASSCF ground state.

II. THE ORTHOGONALLY CONSTRAINED
CASSCF METHOD

A. The orthogonality constraint

Suppose we already applied an MCSCF method to
find an optimised ground state ’1/)0>, and we now want
to obtain the first excited state |¥(c, k)), parameterised
as in eq. . Then, we introduce a cost function con-
taining not only the energy, but also a penalty term



|<w0‘e*’%|wc>}2, which is the squared modulus of the
overlap between the variational ansatz and the ground
state [2]B]. To minimize this term, the variational ansatz
must be orthogonal to the ground state, ensuring that
the final optimised wavefunction should be the least-
energetic state that is not the ground state, i.e. the first
excited state. The cost function can thus be written

E(c, k) = (tele® He R [tpe) + No| (10]e~%[1re)|”

= E(c, k) + &% (c, k) 18)

where \g is some (unknown for the time being) Lagrange
multiplier. Let us introduce I1° = |0 X°], the projector
on the ground state, and rewrite the cost function as

E(e,k) = <1/JC

ok (H + Aoﬂo)e—f‘ ¢c> . (19)

This reveals the penalty term to be of the same mathe-
matical form as the energy term.

Our goal is to compute an overlap Gradient G° and
an overlap Hessian HY associated to £°, such that the
optimised coefficients become

oy —1
+ \H )

¢=—(H" (G® +AGY). (20)

B. First excited state Gradients and Hessians

Because of the similarity between the two terms in the
cost function, we can follow the same steps as in Section [}
Identifying the Taylor and Campbell expansions to the
second order in k leads to the following formulae for the
overlap Gradient and Hessian:

Gy = gfqu £=0 <¢HEA[”‘I]’ﬁ0”w>’ (212)
of 0260
Hyars = kg Orirs £=0 (21b)
=T (6| | Bipars [ B TO] | |)

Again, we assume all integrals to be real, and after
some calculations (detailed in Appendix [C]), we can ex-
press these quantities as a function of the TRDMs:

0 0
GO =28%¥ 'y[lf;(;f , (22a)
HO  — gv’ (2F A ( v’ | w,w"))
pars pallrs] T Olrlla\ Vplls] T Vsllp)
RV R
T 2V Vs
(22b)

where we have introduced the overlap integral S¥w? =
(tu?) = s

Again, as in Section [ we seek the overlap configura-
tion Gradient and Hessians by starting from eq. and

evaluating the following derivatives:

e 860 ~ 0l2
GY ! o - 2<¢‘H0 _ ’Sw,w ’ ‘I> (23a)
Cr £=0
92£°
oo, 22
I 80[8CJ £=0
N 012
- <I‘H° - |5 ’J> - 516G - $7IGY,
(23b)
def 6250
Hout = Gpoder
Pl le=o (23c)
= 2o [ ][5 -2
[pa]> pg-

Let us now compute
0 0 0 0
(] [Bas 1] 1) = 591" — 59"t (24)
yielding

2
G =250 "I g gl Pl (25a)

2
Hp; = 2591507 —a|g0” Ty, — 1GY - 597G,
(25b)
0 _ ogu1, ¥’ ¥,° ¥,1 ;0
HOyp = 260" It g0’y "I 9gvI Gl | (25¢)

C. Complete active space reduced density matrices

The calculation of RDMs and TRDMs can be simpli-
fied in the context of a CAS ansatz. If 7 is an inactive
index, v a virtual index, p, ¢, r, s any indices, and |¢) a
CAS state, then

Eiq[0) =265 [0, (| Eps = 26,5 (], (26)
EPU |d}> = 07 <w‘ E’uq =0. (27)

This immediately leads to the well-known expressions:

Wl =5t = (W|Eiglth) = 2644, (28)

Tl =5 = (W|Eply) = 0. (29)

2-electron RDM elements with at least one virtual index
are all zero. 2-electron RDM elements without virtual

indices but with at least one inactive index can be com-
puted by using:

pgrs = EpgErs — 5q7’Ep87 (30)
thus:

IO = 2670 — Gigvis. (31)

pqis



Equivalent computations can be conducted for TRDM
elements, when WO> is however not a priori a CAS state:

0 A~ 0

1" = (| Epld®) = 28,80, (32)
0 ~
ﬁdlﬂ = vq|¢0> =0, (33)
b O
F;f)q;{}z _F;{}z;ﬁ] _257‘1'7;5)(11/ 61p7rq ) (34)
0
nggs - ng;fq =0. (35)
0

However, neither ’y;[;’wo, fy;ﬁ;wo, F;bqf; = F:’iﬁ; nor

Fg’q“f’i =TY% '/’ can be simplified in general.

ITII. HIGHER EXCITED STATES AND THE

LAGRANGE MULTIPLIERS
A. Generalisation of the OC-CASSCF method

Suppose we have optimised K states (’¢A>)O<A<K71,

and we want to find the K™ excited state |¢K>. Unlike
the indices I, J that run over active configurations, the
index A runs over energy eigenstates.

We write the general cost function

(I (€)),

5 +Z)\A
=\w Xt

Then, the total Gradient and Hessian consist in a sum

(36)

(37)

K—1
Gt =GP+ ) MG, (38a)

A=0

K—1
H'=H” + ) \,H? (38h)

A=0

and the optimised parameters are
£=— (Htot) “lgtot. (39)

Following the same steps, the various components of
the Gradients and Hessians can be computed through
the formulae:

GA = 25" 'y[pq] , (40a)

Hiors = 8" (0 + Sta (0354 +74 }Ip] )) top iy (40b)
G4 = 250" gutd (40¢)

Hf, = 25v" 15w _ 2‘51”#“* ‘25,.] - SWGj;‘ e (40d)
HA, = 250" " ’f —ggv” [pq} —25vIGa. (40e)

B. A lower bound on the Lagrange multipliers

It is worth noting that the exact Hamiltonian is of the
form

(41)

H=>" Ea|p*)e?
A=0

Since the states are bound, there is a supremum FE,
to the set of eigenvalues. The cost function is

Z B (T(€)|TA|0()) + Z Aa (T(E)IA|W(E))
(42)
K—1 A 0o R
- <\p &> (Ba+ )t + > EL I \If(é)>-
A=0 A=K (43)

Imposing Ay = FE — E4 effectively takes away the
energies we already know in the Hamiltonian and brings
them to the top of the spectrum, creating a new system
in which these known states are almost ionised. Then,
the cost function is nothing but the expectation value of
the K-th augmented Hamiltonian

ZE 4 + ZEAHA

(44)

aug

whose ground state is |¢K> since Fg < Fy4 < Eo



Rigorously, writing [¥(&)) = >, ka [¢*):
E(&) = (V(&)|HL,W(€)) (45a)
K-1

= > Bulkal’ + Z Ealkal® (45D)

A=0 A=K
K Z kal® = (45¢)

A=0
where the equality case happens when |¥ (& ‘d)K >

This adapted version of Ritz’ theorem shows that
(Ma)a = (Ex — Ea)a correctly solves the variational
problem, and thus is a correct choice of Lagrange mul-
tipliers. However, the same reasoning applies with the
weaker condition Ay > E,, — E4, preventing us to con-
clude on the exact value of the Lagrange multipliers.

C. Convergence and error control

Numerical considerations must however also be taken
into account. Along the optimisation process, the penalty
term becomes ever so small (since we are trying to cancel
it). If the penalty term becomes very small with respect
to the energy term, it can prevent the method from con-
verging. Conversely, if the Lagrange multipliers are cho-
sen too large, the method will indeed minimise the over-
lap, but will (at least at first) ignore the energy. We need
to choose the Lagrange multipliers so that the energy and
penalty terms are of the same order of magnitude.

We know moreover that the state vector describing
the ground state will not be exactly recovered by the
CASSCF method, yet we depend on this state vector
to create the penalty term. Let us write the numerical
ground state ’1/}% ASSCF> as a slight deviation from the
exact ground state:

|[°) +elv™) (46)

where ¢ is a small quantity, and [¢*") an unknown nor-
malised ket, orthogonal to 1/)0>. Then, using the same
notations as in Section

[(W(&) [¥2asscr)|” =
(47)

where ke = (U(€)[10°""). The cost function for the first
excited state reads:

£ = Eo|k02+E1kl|2+)\0|/€0|2+2>\05/€0kerr+)\0|€ke(rr|2)~
48
We see that the larger we take Ao, the larger the error
terms become. Optimising with large Ag may lead the
computation to first minimise ke, (which is unphysical).
Even if we correctly orthogonalise |¥(€)) with respect to
the true ground state, we get:

E(&) = Erlka|* + Moleken . (49)

so A controls the error on the energy. In fact, our best
interest is to take the smallest possible value of Ag. The
same reasoning applies to any excited state multiplier A 4.

|¥&asscr) =

‘kO + 5kerr|2

= |k0|2+25k0kerr+‘5kerr|2

CONCLUSION

We have summarised the main points of the variational
methods used in quantum chemistry to solve the elec-
tronic structure problem, from the basic Hartree-Fock
theory to the more complete CASSCF method that is
able to account for electron correlation with numerical
efficiency.

We then explained the idea of YALOUZ and ROBERT to
adapt this method to the description of excited states by
adding an orthogonality constraint to the CASSCF opti-
misation problem. Building on this idea, we derived ana-
lytical expressions for the Gradients and Hessians needed
for the numerical implementation of the minimisation al-
gorithm.

Finally, we investigated the value of the Lagrange mul-
tipliers that appear in the theory, and proved a rigor-
ous lower bound from an adapted version of Ritz’ theo-
rem. The necessity to control error propagation from the
ground to the excited states led us to conclude that this
lower bound was also the best choice for the multipliers’
value, as long as typical values of the orthogonality con-
straint term remain in the same orders of magnitude as
the energies.

Appendix A: CAS variational ansatz

The complete expression of the CAS variational ansatz
reads [4]:

w19 +7le)

1W(c, k) = e |the) = T il (A1)
with
. def
= — )y, (A2)
def
le) = Z cr|l), (A3)
i d f
= Z ﬂpqE[pq (A4)
p>q
A d f ~ N A
Epg € dl a4, = EJ, (A5)
~ ~ def ~ ~
quTS = erqu = Loal‘raé‘raqlf - egpsr = esrqp'
(A6)

|1} is the reference state, the initial guess from which
we try to elaborate. e™® is simply the unitary operator
that rotates the orbitals during the orbital optimisation,
and thus changes the meaning of the configurations. 7 |c)
modifies the weight of the various configurations during
the configuration optimisation. The denominator is just
a normalisation factor.



Appendix B: Electronic orbital Gradient and
Hessian

After some calculations, we have the following expres-
sions for the orbital Gradient and Hessian [4]:

GEq = 2Fpq), (B1)
Hpoeo = 2higis7p)y = OtsltaFolir) + Stalis Frilpl + 2Yipalirs]
(B2)

with

Fran =S b 4+ S T, (B3)
q

qrs

Y;;q'rs = Z (gqmnsr;f}:f(rn) + gqsmnrgr’;f@n) (B4)

mn

where (hpg)pg and (gpgrs)pgrs are the molecular one- and
two-electron integrals.

We can also compute,
configuration Hessian,

for the mixed orbital-

(ol B ] 1) = 7 = (B)
|

(o[ [ ) = ol ol - o] s,

_Swa(jww°+3ww

pqrs qapsr ) ’qu

where
it < (O|BpgBrs|6©) = Thbe + 8ria?” (C4)
:<wO‘ESTEqp|¢> Jfrq’}f (C5)

is the “improper” transition RDM. Again, we antisym-
metrise this expression:

<7’Z)’ { [pal> [ [rs]> HOH ‘1/)> = 25" woj[pq] [rs] +27[11p7q1]b Vfﬁsi]b

(C6)
yielding for the overlap Hessian:
7 (Pa) q
HYyrw = T (| | Bipat, | Bt T [t )
— g (¢ wwﬂ wwO
= S (T Tea) + 20
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matrix

2
Fw V= Z hanqu7w + Zgnqrs mq;ps . (B6)

qrs
Appendix C: Overlap orbital Gradient and Hessian
Let us first compute

[

where we have introduced the overlap integral S¥'+¥" =
<w1|w0> = gv’v, Noticing that the overlap Gradient

of eq. (21a) is the antisymmetrisation of this (already
antisymmetric) expression yields

0 90 w 90
G,y =28 Vipa - (C2)
For the Hessian, we first compute the bracket
0} = (B[ BBy + (9]0 By By ) )
3
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